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Abstract

Hermitian quadratic forms play a key role in a real roots counting theory for zero-dimensional
ideals. A method based on the theory has a great effect on quantifier elimination of first order
formulas containing many equalities. Its essential part eliminates a block of quantifiers by the
parametric Hermitian quadratic forms of the parametric zero-dimensional ideal generated by
the equalities and the parametric polynomials constructing the inequalities of the given first
order formula. When the parametric ideal is non-radical, the Hermitian quadratic forms are
unnecessarily complicated, which produce a complicated quantifier-free formula. We may ob-
tain a simple quantifier-free formula by the Hermitian quadratic forms of the radical. However,
the computational complexity of parametric radical is high even in zero-dimensional cases. In
the paper, to simplify quantifier-free formulas produced by the quantifier elimination method,
we introduce minimal Hermitian quadratic forms which are applied to the theory.

1 Introduction

The concept of Hermitian Quadratic Forms (HQFs) plays a key role in a Real Roots Counting
(RRC) theory for univariate polynomials. Independently in [T, 1], the RRC theory was extended
to zero-dimensional ideals of multivariate polynomial rings by using the theory of Grébner Bases
(GBs). In the paper, the RRC theory is called “the Hermitian RRC theory”. A Quantifier Elimi-
nation (QE) method based on the Hermitian RRC theory has a great effect on QE of First Order
Formulas (FOFs) which contain many equalities. In the paper, the QE method introduced in [[3]
and improved in [2, B, 4, 8] is called “the Hermitian QE method”. In the Hermitian QE method,
parametric HQFs play an important role to produce quantifier-free formulas (QFFs). In the pa-
per, such QFFs are called “Hermitian QE formulas™. In the section, to describe the outline of the
essential part of the Hermitian QE method, we introduce A = Ay,...,A,, as free variables and
X = Xi,...,X, as quantified variables. Let ¢ be a QFF consisting only of polynomial equalities
and disequalities (= and #) of Q[A]. The essential part of the Hermitian QE method is the algo-
rithm which computes a Hermitian QE formula from the given FOF having the following form for
polynomials fi, ..., fs Pt .., p: € Q[A, X]:

A AR eR (AAX=0A...AFAXD=0ApAX)>0A...ApAX) >0, (1)
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where fi,..., fy and py,. .., p, satisfy the following property [l for P, = {a € C" : p(a)}:
1. I(@,X) = (fi@,X),..., fi(a, X)) is a zero-dimensional ideal of C[X] for any @ € P,.

In the paper, we improve the algorithm introduced in [B] and implemented with several techniques
of [4]. Given an admissible term order > on terms consisting of X, it produces a disjunction
equivalent to (II). The disjunction consists of finitely many FOFs such as the following form:

A AIX eR" (/\ gA,X) = 0Api(AX)>0A ... A pi(A,X)>0), 2)
geG

where @ is a QFF satisfying the following property B, and G is a finite subset of Q[A, X] satisfying
the following properties B and @ for the product p = []_, p; and Sg = {a € C" : ®(a)}:

2. @ consists only of polynomial equalities and disequalities of Q[A], and satisfies Sgp C P,.
3. {g(a@,X) : g € G} is a GB of the saturation I’(@, X) = I(a, X) : p(a, X)* for any @ € Sgp.
4. Each g € G satisfies [,(a) # 0 for the leading coefficient /, = LC(g) € Q[A] and any a@ € Sq.

The disjunction is produced by a Comprehensive Grébner System (CGS) of the parametric satura-
tion ideal (fi, ..., f5) : p on P, w.r.t. > considering A as parameters (See Definition B - Remark
B). The concept of CGSs was introduced in [IZ] as a powerful tool for parametric ideals. We
consider it as a system of parametric GBs. With a series of resent results of [f, [, B, 9, IT], we
now have efficient CGS computation algorithms. Moreover, as a result of [8], we can efficiently
compute CGSs of parametric zero-dimensional saturation.

Let p, = I—[§=1 pf" for e = (e1,...,¢;) € {0,1}. The algorithm computes a Hermitian QE
formula ®(A) A ¢(A) of the FOF () such that ¢(a) is equivalent to

D, sign(H) @) >0 (Let HY = H) @) ©
e€{0,1}

for any @ € S N R™, where each sign(H?) is the signature of the HQF of the polynomial p,(a, X)
and the ideal I’(@, X) (See Definition 0 - Theorem B). The FOF (D) has the properties @ - 8. So,
using G, we are able to compute each parametric HQF, which is the uniform representation of the
HQF Hf for any a € S N R™ (See Remark B, ). ¢ are produced by the parametric HQFs (See
Proposition LIl). When /’(@, X) is not radical, unfortunately, the parametric HQFs are unnecessarily
complicated, which produces a very complicated ¢ (See Example [27). We may obtain simple ¢
by using the parametric HQF of its radical. However, the computational complexity of parametric
radical is high even in zero-dimensional cases.

In the paper, we introduce a concept of minimal HQFs (See Definition [3 - Remark [4), and
the Hermitian RRC theory with minimal HQFs. We then show that the concept of minimal HQFs
enables us to simplify unnecessarily complicated Hermitian QE formulas without the computations
of parametric radical ideals. (See Example [TI).

The paper is organized as follow: In Section [, we give a quick review of the essential part of the
Hermitian QE method with an innovative improvement of [3] and several implementation tech-
niques of [@]. More precisely, we describe the Hermitian RRC theory with HQFs in Subsection
[, describe CGSs in Subsection 72, and describe the essential part in Subsection 3. In Section
B, we show the main theorem of the paper.
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2 Theoretical Background

We use the following symbols: N, Q, R and C denote the set of natural numbers, rational numbers,
real numbers and complex numbers respectively. (M) ), rank(M), tr(M) and det(M) denote the
(i, j)-entry, the rank, the trace and the determinant of a square matrix M respectively. For a real
symmetric square matrix H, sign(H) denotes the number such that “the number of the positive
eigenvalues of H” minus “the number of the negative eigenvalues of H”. Identifying H with its
quadratic form, we obtain that sign(H) is equal to the signature of H. A and X denote A4, ..., A,
and X1, ..., X, respectively. T(X) denotes a set of terms in X. Given a term order on T(X), LM(f),
LT(f) and LC(f) denote the leading monomial, the leading term and the leading coefficient of
f € Q[A, X] respectively. We have to note LM(f) = LC(f)LT(f) and LC(f) € Q[A]. V&(F) and
Ve(F) denote the variety of a set F C R[X] over R and C respectively. That is, we obtain

Ve(F)={FeR" :Vf e F(f(X) = 0)}, Vc(F)={XeC":Vfe F(f(%) = 0)).

#(S) denotes the cardinality of a finite set S.

2.1 Hermitian Quadratic Forms

In the subsection, we give the Hermitian RRC theory shown independently in [III, TU] and show a
theorem implying the essential part of [3, 8]. First of all, we define HQFs.

Definition 1 Let p € R[X], I be a zero-dimensional ideal of R[X]. Considering the residue class
ring R[X1/I as a vector space, let {vi, ... ,vq)} be its basis. For 1 < i, j < d, we give the linear map

h[

(pi - RIXIT > RIXI/T 5 g = pyivjg.

Moreover, we define the d-th real symmetric matrix H II, such that each (H II,)(,; ) satisfies
(Hy)ijy =tk ).
The d-th real symmetric matrix HII, is called the HQF of p and I.

Remark 2 With the same symbols as Definition l, RT(G) denotes the set of the reduced terms w.r.t.
a GB G of I. That is, RT(G) = {t € T(X) : Vg € G (¢ is indivisible by LT(g))}. RT(G) plays a role
as a basis {vi, ...,vq} of RIX1/1. The k-th column of h! is produced by the reminder of pvvvi

on division by G. (H;)(,; j) is equal to the sum of the dia(giiz)al entries of hfp’i,j).

We give the Hermitian RRC theory with HQFs shown independently in [, T0].

Theorem 3 For p € R[X] and a zero-dimensional ideal I of R[X],
rank(H]) = #({x € V() : p(X) # 0}, 4)
sign(H,,) #({x € Vr(I) : p(¥) > O} — #({x € Vr(I) : p(¥) < O}). ()

We obtain the corollary which follows from Theorem B because HQFs are real symmetric.

Corollary 4 The characteristic polynomial of HII, is denoted by Gé. We suppose

€h()
€)(-Y)

biY!+ b Y 4+ 4+ by € RIY],
byY +b, Y+ .+ by €R[Y].
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B denotes the number of sign changes of the coefficient sequence (b%, b§_1 s bg) foro e {+,-}
(0 is ignored in the sequence). Since each eigenvalue of H,’, is real, Theorem B and Descartes’ sign

rule imply
BY — B” =#({x € Ve(]) : p(%) > 0}) — #({x € V() : p(%) < O}).

We conclude the subsection with the theorem which follows from Theorem B, Corollary 8 and [3]
(Corollary 3 - Theorem 5).

Theorem 5 Let py,...,p; € R[X], I be a zero-dimensional ideal of R[X). LetZ = Z,,...,2Z,
p=TIl_ poandJ =1+(1 - pZ},...,1 = p,Z}) C R[X,Z]. Then, we obtain

#Va(J) = 2#({x € Va(D) : [\ pi(%) > O)).

t
i=1

L

by [B] (Corollary 3). Let I' = I : p™ and p, = [1i., p’ fore = (e1,...,e,) € {0, 1}. We note that I

is equal to the elimination ideal J N R[X]. Thus, [B] (Corollary 4 and Theorem 5) implies
() =c ]—[ ¢ (1)
e€{0,1)f

Sfor some non-zero constant c. For e € {0, 1}, B} and B, denote the number of sign changes in the
coefficient sequences of (Sf);(Y) and @ge(—Y) respectively. Then, Theorem B and Corollary B imply

pi(%) > 0).
1

0< Z (Bf —B,) & 0 < #({x e Va(l) :

t
ec{0,1}) i=

2.2 Comprehensive Grobner Systems
We describe CGSs in the subsection. Before defining CGSs, we define algebraic partitions.

Definition 6 Let P be a subset of C" and Sy, ..., S, be subsets of P. When the properties such that
1, 8i=Pand SinS;=0for1 <i# j<qandS; = Ve(S1)\ Ve(S2) with finite S1,S» C Q[A]
for 1 <i < q are satisfied, {S,,...,S,} is called an algebraic partition of P.

Definition 7 Let # C C" and Sy, ..., S, CP. Let F, Gy, ..., G, be finite subsets of Q[A, X]. Let >
be a term order on T(X). When G = {(S;, G1), ..., (84, Gy} satisfies the properties such that

o {S1,...,8,} is an algebraic partition of P, and
o Gi(a,X)=1{g@,X): g€ G;}isaGBof (F(a,X)) c C[X] w.rt. > foreach a € S;, and
o any g € G; satisfies LC(g)(a) # 0 for eacha € S;,

G is called a CGS of (F) on P with parameters A w.r.t. >. In addition, each S; a segment, and
each G; a parametric GB.

Remark 8 With the same symbols as (D), let G be a CGS of {f1, ..., fs) : p~ on P, with parameters
Aw.rt. > and ®g be a defining formula of S for (S, G) € G. Then, the FOF (1) is equivalent to

/\gZO/\/t\p,’>0]].
geG i=1

Moreover, each ®g satisfies the property B, and each G satisfies the properties B, & of (Q).

dg AIX e R”

(8.6)eG
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Remark 9 With the same symbols as the properties Q- B of (D), let s € Q[A, X). For the reminder of
s(@, X) on division by G(a, X), its uniform representation s’ € Q(A)[X] is produced by the reminder
of s on division by G over Q(A)[X] such that the coefficient field is the rational function field Q(A).
Because G has the properties B, B of (B). More precisely, each coefficient of s’ has a form si/s»
such that sy, s, € Q[A] satisfy s>(a) # 0.

Remark 10 We use the same symbols as the properties B - B of (D). The properties B - B of (B) imply
that (G(a, X)) is zero-dimensional and RT(G(a, X)) is invariant. In addition, we have also Remark
D and B. Therefore, we can compute the uniform representation Hf,? of the HQF of p.(a,X) and
(G(a, X)), whose each entry has the form s,/s, such that s, s, € Q[A] satisfy s»(a) # 0. In the
paper, the symmetric matrix H;,? is called the parametric HQF of p, and (G). More precisely, each
entry also has the form sy/s, such that s, s, € Q[A] satisfy s»(a) # 0.

2.3 Hermitian Quantifier Elimination

We give the essential part of the Hermitian QE method with [B, &], which follows from Theorem
B.

Proposition 11 With the same symbols as the properties B - B of (), let p, = []i_, p;' for e =
(e1,...,e) € {0, 1}. Since Remark [0 implies that each (Ef,,? has rational functions of Q(A) as its
coefficients, we suppose

G = by b Y 4 by € QALY
CO-Y) = by¥!+b Y 4+ by € QAYI.

Let S¢ = (b,...,by) for 0 € {+,=). Let BJ(a) be the number of sign changes in S¢(a) =
(bi(c_z), . ,bg(é)) fora € Se NR™. Using the numerator and denominator polynomials of S,
we compute the QFF ¢(A) such that ¢(a) is equivalent to

0< ) (BI@- B, (@)
eef0, 1y
fora € So NR™. Then, Theorem B implies that ® A ¢ is equivalent to (D).

Although we can obtain a Hermitian QE formula of (1) based on Proposition [, the Hermitian QE
formula is unnecessarily complicated in the case such that the parametric ideal is not radical.

Example 12 We consider the FOF as like A # 0 A3X € R (X - A? = 0AX > 0). We treat
I = (X — A)?) : X* with a parameter A. Computing a CGS of  on S = {a € C : a # 0} w.rt
the term order > satisfying X° < X' < --- with a parameter A, we obtain {(S, {(X — A)*})}. Let
G! = {(X - A)?). Since RT(G') = {1, X}, we obtain

Gy _ 2 2A Gy _ 2A 2A2
" ‘( = a2 o )

We have theirs characteristic polynomials
€ = y2 — 204+ 1)y, €90 = Y2 -24(A% + )Y,
Let by = =2(A% + 1), by = —2A(A? + 1) € Q[A]. Then, we obtain the Hermitian QE formula

A#0ADb <O0A by <O.
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Because, for any ideal I of R[X] and any polynomial p of RIX] with I : p® = I, Theorem B implies

FeVe): pE)>0£0 o [sign(H{ )>0A [ \/ (sign(H},) = sign(H{) — k)]

O$k<sign(HI1 )

Meanwhile, we consider the parametric radical J = V1. We obtain {(S,{X-AD}asa CGS of J
over Sw.rt. >. Let G' = {X — A)}. Since RT(G’) = {1}, we obtain

HO = (1), B =(4).

Moreover, we have theirs characteristic polynomials (E(IGJ> =Y-1, QZ;GI) =Y —A. Thus, we obtain
also the simple Hermitian QF formula A # 0 A —A < 0 by using the parametric radical.

3 Minimal Hermitian Quadratic Forms

In cases such as Example [, the HQFs are unnecessarily complicated, which produces a very
complicated Hermitian QE formula. In the section, we introduce a concept of minimal HQF, show
the Hermitian RRC theory with minimal HQFs, and reconsider Example 2. In more detail, we
prove the main theorem in Subsection Bl and reconsider Example [2 in Subsection B, First of
all, we introduce the definition of minimal HQFs.

Definition 13 Let p € R[X), I be a zero-dimensional ideal of R[X] and r = rank(Hf,). We assume
r#0. (6)
H{,(C ) denotes the r-th principal matrix of H; such that each (H;(C))(,-,j) satisfies
(H(C))ijy = HDc..c))
forC =(Cy,...,C,)eN'withl1 <C; <...<C, <d. Wechoose c = (cy,...,c,) €N with
rank(H)(c)) = r O
and 1 < ¢y <...<c¢, <d. Then, the principal matrix H;(c) is called a minimal HQF ofHé.

Remark 14 The known fact of linear algebra implies that there are some ¢ = (ci,...,c,) € N
with (d) and 1 < ¢; < ... < ¢, £d because we assume (B).

We show the Hermitian RRC theory with minimal HQFs as the main theorem.
Theorem 15 (Main Theorem) Using the same symbols as Definition 3, we obtain the property
sign(H)(c)) = #({x € Ve(): p(X) > 0}) — #({x € V(]) : p(X) < 0)).
Theorem 3 implies the corollary because minimal HQFs also are real symmetric.
Corollary 16 The characteristic polynomial of Hll,(c) is denoted by ”fbf,. In addition, we suppose
‘DY) = Y+ 4y €RIY
‘D(-Y) = ¥y Y+ +y; €R[Y]
Let T be the number of sign changes in the coefficient sequence (v2, ..., yg)for o € {+,—}. Then,
=T =#({xe€ Ve(): p(X) > 0}) —#({x € Vr(I) : p(X) <0}

follows from Theorem [ because all eigenvalues of H[’,(c) are real.
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3.1 Proof of Main Theorem

We use the same symbols as Definition [, [3, Theorem B, [3. Z denotes the conjugate of 7 € C™.
We suppose that {x € Vr(I) : p(X) # 0} and {Z € Vc(I) \ Vr(I) : p(Z) # 0} have the following forms:

{xe Ve : p(x) # 0}

{(X1ses %l
{Ze Ve )\ Vel : p@) # 0} ’

{lezp- . -’ZV’ZV}'

Each o7 denotes the multiplicity of X; and each ¢ the multiplicity of Z, Zk We start the subsection
(that is, the proof of Theorem [3) with the lemma which is used in [I0] (Theorem 2.1).

Lemma 17 Stickelberger’s Theorem implies that each entry (Hf,)(i, ) is equal to

M 14
D TP EVEY ) + D (SkpEViEIY G + SkpEIVIEIVHE).
k=1 k=1

Let u; = v, for 1 <i < r. The following lemma follows from Lemma 2.

Lemma 18 Lemma [[A implies that each entry (H;,(c))(,-, j) s equal to

M )4
D oG (E) + D (SepEuiEOuiE) + skpEuiE)u ).
k=1 k=1

The imaginary unit is denoted by I. We introduce the real numbers pE, pi, U € R satisfying

R 1

)
_ 2 _

sep(Z) = (P +Ip)% @) = ugs g + Tugy g

for 1 <k <v,1 <i<r. Noting that (@) implies r = u + 2v, we introduce the r-th matrix

uy(X1) e u(¥1)
ul()_cp) te ”r()_cu)
R, R 11 R R 10
v o= | P TPt Pien TP
Diugy TP MGy o Prlgy T PG
R, R 1,1 R R 1,1
A S o L
Dy T DUG,y o Pyl T DG,

In addition, we introduce the r-th diagonal matrix V whose the diagonal entry are
o1p(x1),...,04p(%),2,-2,-++,2,-2.

'H denotes the transpose of a matrix H. Then, we obtain the following proposition.

Proposition 19 H/(c) = 'UVU.

Proof: Lemma I8 implies that each entry (H,[,(C))(i, ) is equal to

M )4
Z o p(F ) (X ) (Fy) + Z((pf + 1P (U o + a0ty + Tt ) +
k=1 k=1

R I\2,. R 1 R 1
(P = 1P )™ Cuag gy = L o)y = Lt j4))-
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Since V is diagonal, each entry (UVU) . j, has the form as like
Z(tU )iy Wity (W, jy = Z(U ey V) (Ui, jy-
k=1 k=1
Therefore, each entry (UVU), is equal to
7 v
> oepGui(Eu() + D QpRul = Pl PRl = Pitp)
k=1 k=1

R T I R R T I R
2(PrUigy  Prltiag)(PicUjay + Prbiia)-

Using the above expression of the entry (H;(c))(,; » and ((UVU) j), we introduce

_ R 1\2,. R 1 R 1 R 1\2/, R 1 R 1
Bi = (e TP (g + o)y + D) + (P = Ip) ™ (g — T )ty — T,
_ R R I 1 R R I 1 R 1 I R R 1 I R
Ye o = 2(ppugry — Pl (PrUiie — Prégay) — 2(Pg Ui g = Pl ) (Pr U = Prégp)-
Then, we obtain By = vy for 1 < k < v. Therefore, the assertion is satisfied. O

In addition, we show the following proposition by using the property () of minimal HQFs.

Proposition 20 rank(U) =r.

Proof: Let E, be the u-th identity matrix. Moreover, we introduce the matrices Py and J satisfying

R 1
e -p _1 1 1
P, = L, J==
‘ (Pi Pf) 2(—11 I

for 1 < k <v. In addition, we introduce the r-th matrices Uy, U, and Us which have the forms

0 P 0 J .o
U= : , Us= ,
o0 P 0
0o --- 0 P, o -~ 0 J
uy (%) u(X1)
ul()_cu) Mr()_cy)
R 1 R 1
U, = ug’]) + H”gl,l) u%{’l) + Hu%r,l)
iy~ g Ugyy ~ T
R 1 R I
Uy, + H”gl,v) Uyt MY’V)
Uy~ Lug ) Uy — Lty

We have to note U = U,U,Us. In addition, we obtain det(Uy) = [];_, ((pf)2 +(p,£)2) and det(U,) =

I". Therefore, we obtain also

det(U) £ 0, det(Us) #0
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since {Z1, 2’1, Tz =12 € Vel) \ Va() : pZ) # 0). Let Uy be the r-th diagonal matrix having

TIP(ED, -, Tup(R), §1PG1), S1P(E)s - -5 5vP(E)s 6P,
as its diagonal entries. Lemma I8 implies H;(c) ='U3U4Us, so the property (8) give the property
det(Us) # 0.

Thereby, we obtain rank(U;) = r, rank(U,) = r and rank(U3) = r. Since we have also U = U U, U3
shown in the above, the assertion is satisfied. O

We conclude the subsection with the proof of Theorem I3 by using Proposition 9, 0.
Proof of Theorem [3: Proposition Y, P and Sylvester’s law of inertia imply
sign(Hj(c)) = sign(V).
Because V is the diagonal matrix with the diagonal entries o p(%y), ..., 0,p(%,),2,-2,--+,2,-2,
sign(V) = #({x € Vr(]) : p(x) > 0}) - #({x € Va(J) : p(X) < O}).

Therefore, we obtain the claim. O

3.2 Application
We reconsider Example I2 in the subsection.

Example 21 With the same symbols as Example [, we have to note that HiG(”’X» and H;Gl(“’x»

satisfy the assumption (8) for any a € S. In addition, we have to note also that theirs determinants
are equal to O for any a € S. First of all, by using the script (1) € N' we compute

1 1
H1) = ( 2 ) HE(1) = ( 2A )
We compute theirs characteristic polynomials
Dy =v-2, ) =v-24.

Let 81,1y = SN (Ve(0) \ Ve(=2)) N (Ve(0) \ Ve(=2A)). Then, we obtain S(1,1) = S. Therefore, we
are able to obtain the simple Hermitian QF formula A # 0 A —2A < (.

In addition, we consider a more general example.

Example 22 Let ®© be the QFF A1A; # 0 A A% - 4Ag =0and S = {a € C* : ®(a)}. We consider
DOATX eR? (A1 X2 + AoX; + A3 =0AXT — A1 X, =0 A X; > 0).

Asa CGS of I = (A1 Xz + Ay Xy + A3,X12 - A1X2) : X{° on S w.rt the lexicographic term order >
satisfying X1 < X, with parameters A1, A,, Az, we obtain

{(S.{—4A1 X, — 44:X, — A3, (2X, + A2)* D).
Let G! = {(—4A,X, — 4A,X, — A%, (2X; + A)?}. Since RT(G') = {1, X;}, we obtain the HQF's

H<G1) _ 1( 4 —2A2 )’ (G") _ 1 ( —4A2 2A§ )

24, Al X T g\ 242 -A3

! 2
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We have theirs characteristic polynomials
A2 A A2
¢ =y -+ ¢ =+ T+ Dy

2 2
Letby = -2 + %)Y, bx = %(2 + %) € Q[A]. Then, we obtain the Hermitian QF formula
DAL <O0ADby <O.
By using the script (1) € N! we compute the minimal HQF

HOM=(2), B =(-% ).

We compute theirs characteristic polynomials

) . A
D =v-2, D) =r+ 72

Let 81,1 = SN (Ve(0)\ Ve(=2)) N (Ve(0) \ Vc(%)). Then, we obtain S(1,1y = S. Therefore, we are
able to obtain the simple Hermitian QF formula ® A ’% < 0.

4 Conclusion

We have introduced minimal HQFs, and showed the Hermitian RRC theory with minimal HQFs
as the main theorem. As like Example I, 2, we can obtain a Hermitian QE formula of (1) by
combining Theorem 3, Corollary [A with Proposition 1. We may compute a partition such that

its cardinality is equal to Z (dCr)zl
1<r<d

at worst. So, we need to carefully choose each minimal parametric HQF, and carefully implement
the Hermitian QE with the concept of minimal HQFs. Moreover, there are some choices having a

little effect on simplification. When we choose not H§01>(1) and H;Gl>(1) but one of the followings
in Example [ at the first, the choices have a little effect on simplification:

H ) and HE"(2),
H2) and HE (1), or
H (1) and HE"(2)

For example, when we choose the first one, we obtain A # 0 A —2A% < 0 A =243 < 0. That is, in
this paper, there are the following problems when we compute a Hermitian QE formula of (&) by
combining Theorem 3, Corollary A with Proposition [l

e We may compute a partition such that its cardinality is equal to lersd(dcr)z' at worst.
e There are some choices having a little effect on simplification.

The author try to solve the problems as future works. That is, the author try to obtain a solution
to has a partition such that its cardinality is less than ZIS,Sd(dC,.)ZI even at worst, and a solution to
has only some choices having a great effect on simplification.
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