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Abstract

The spaces of Mobius equivalence classes of rational functions can be represented by the Bell
loci. Noting this fact, we solve problems of Goldberg, namely, determine several kinds of the
non-generic loci for the map from the Bell locus CB; to the space of the sets of critical points
explicitly when the degree is small. The symbolic and algebraic computation system is crucial
for the results.

1 Introduction

A general form of a rational function of degree d is

PQ)
0@)

with polynomials P(z) and Q(z) of degree at most d, where P(z) and Q(z) have no common non-
constant factors and one of them has d as the degree, and the canonical family C,; of rational
functions of degree d is defined as the totality of those with monic Q(z) of degree d:

{R(Z) = @ : degQ =d, Resul(P, Q) # 0, Qis monic}.

0
Writing
P(Z)Zpdzd+-~~+p0, Q(Z):Zd+6]d712d_l+--~+q0,
we call the vector (pg, -+, Po. a1 *»qo) the system of coefficient parameters for Cy. Also see

Theorem 2.4 in [8].
On the other hand, from the viewpoint of the geometric function theory, special attentions have
been paid to rational functions of the overlap locus whose overlap type contains an integer not
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less than 3. (Cf. Definition 3.7 and Theorem 3.8 in [§].) Actually, every non-degenerate d-ply
connected planar domain can be mapped biholomorphically onto a domain

d-1
u
Ww:z{z€C : z+z k <1}
=R
with some complex vectors W = (U1, ..., Ug—1,V1,...,V4-1). See, [[Z]. Such domains Wy, are a new
type of canonical planar domains with connectivity d, which are called Bell representations.
Here recall that, every overlap locus C{ny, - - -, n,} admits so-called decomposition parameters:

Letting P(z) = P(z) — zQ(z) and assuming that o is not a fixed point, Q(z)/ P(z) has a unique partial
fractions decomposition

a1, ai,1 @2,y ap1

o ot T

where, (; are fixed points of R(z), ., # 0 for every k, and Zle a1 = 1. The set {¢} of fixed

points and the set {ay ¢} of coefficients give a system of coordinates for C{ny, - -,n,}, and is called
the system of decomposition parameters for C{ny,---,n,}.
The Bell locus CBy is the union of the overlap locus C{ny,---,n,} with ny > 3 such that the

corresponding {; = co. Bell representations are those in the Bell locus CB; with generic polar
divisors.

Proposition 1
The Bell locus CB, has a system of coordinates consisting of coefficients in the representation

P
- (2)7
0(2)
with
P(@)=as0z" 7+ +ap, Q@) =" +byoz 4+ by

Next, we state Goldberg’s theorem.

Definition 2
We say that two rational functions R; and R, are Mobius equivalent if there is a Mobius transfor-
mation M : 6 — 6 such that
R, = M oR,.
We denote by X, the set of all Mobius equivalence classes of rational functions of degree d.

Then Goldberg showed

Proposition 3 ([i] Thoerem 1.3) _
Every (2d —2)-tuple B of points in C is the set of critical points of at most C(d) classes in X;, where
C(d) is the Catalan number:
1{2d-2
Cd) = y ( -1 )

The maximal is attained on a Zariski open subset of the space C24-2 of all B.

Remark 4
Every set of critical points of a rational function is admissible, namely, every point has multiplicity
at mostd — 1.
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In the sequel, we will assume that oo is non-critical, for the other cases can be treated similarly
and more easily. Then, the Bell locus represents the corresponding subset of X, faithfully.

Proposition 5
Let X/, is the sublocus of X, consisting of those classes of rational functions such that co is non-
critical. Then every point in X, is represented by a point in CBy.

Moreover, different functions in CBy correspond to different points in X,.

Consider a polynomial map ®, of CBy to C??~? defined from the equation
Q@+ P(000) - P@Q'(2) = 27 + 203 + -+ iz + ¢

by sending
(a,b) = (@42, ,a0,bq-2, -+, bo)

to
(C) = (CZd—3, ) CO)-

Then Goldberg’s theorem implies that ®, is C(d)-valent on a Zariski open subset of C?¢~2, And
the problems in [A] 143p mean

Problem 6
1) Describe in detail the ramification set of the map ®,.
2) For every point (¢) in C??~2, determine the number of points in the preimage (D;l((c)).

Note that to solve these problems are actually very important. For instance, Eremenko and
Gabrielov proves the Shapiro conjecture for two-dimensional case by using the fact that, for any
given 2d — 2 distinct points on the real line, there exist exactly C(d) distinct Mobius equivalent
classes of rational functions of degree d with these critical points. See [B] and [&]. (Also cf. [8].)

In the next section, we will determine for ®,, the ramification locus, the exceptional locus,
and the degeneration locus where the number of points in the preimage by @, is less than C(d),
for d = 2,3, and 4 explicitly. Here the exceptional locus E(d) is the set of all non-admissible
points (¢) € C??2, Recall that Goldberg also asked whether there is a rational function having an
arbitrarily given admissible set of points as the set of critical points. We answer this question for
d=2,3,and 4.

2 The explicit descriptions of the loci for the map @,

In this section, we use “risa/asir”, a symbolic and algebraic computation system, to obtain the
defining equations of the loci considered.

Definition 7
Let P(z) and 0(z) be as before. Set

R(d) = {(a,b) € C**? : Resul(P, Q) =0},

which is the locus where @, is not defined. (In other words, CB, can be identified with C2¢~2 —
R(d).)

First, we begin with
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Proposition 8
Ifd = 2, then the map ®, : CB, — C? — E(2) is bijective, and the exceptional locus E(2) is the
algebraic curve defined by ¢} — 4co = 0.

Proof The map @, is given by (ay, by) — (bg — agp,2by). The locus R(2) is given by ap = 0 and
corresponds to the locus E(2) defined by c% —4cp = 0. Conversely, each point (¢) on the locus
2
c% —4c¢y = 0 coincides with a non-admissible set, because the equation 72 + ¢z + % = 0 always has
a double root. Therefore C% —4c¢( = 0 gives a defining equation of E(2). ]
If d = 3, we have the following.

Theorem 9
If d = 3, the ramification locus of @3 is

a; = b? — 4by,
®3(CB3) = C* — E(3), and @3 is 2-valent on the set of points in C* — E(3) satisfying that
c% —3cic3+12¢9g #0, Ey#0.
Moreover, the exceptional locus E(3) is the algebraic variety defined by Ey = E; = 0. Here

E, = 216c% —T72crc3¢1 + (2160% —576¢5)co + 16c;,

Ey = —27C‘1t + (—4c§ + 186263)6? + ((—6c§ + 144¢y)co + c%c% - 463)6%
+(—192L‘3C(2) + (l8czcg - 800§C3)co)c1 + 2560(3)
-i—(—27c‘31 + l44czc§ - 12805)05 + (—4c§c§ + 160‘2‘)00.

Proof The Jacobian of the map @3 is

0 0 2 0
-1 0 2b 2

0 -2 2b 2b;

by -by —-ag a+2by

= 4(a; — b? + 4by).

Also, for (¢) = (c3, ¢2, ¢1, ¢) in C* — E(3), every (ay, ag, by, by) in ®3'((¢)) is a solution of

12[)6 —4crbg + cic3 —4cg =0

1
by = 5¢3

a; = 1(8by + ¢ — 4cy) M
ag = (esbo — c1)
which has exactly 2 solutions except for the set defined by the discriminant
C% —3cie3 + 12¢9 = 0.
Here, the locus R(3) is given by
aé —biajay + a%bo =0. 2)

Eliminating four variables ay, a;, bo, b1 from the equation r = ag —biayag + a%bo by using (), we
have the following equation
—432r° + E;r+ E = 0, 3)
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where Ey, E;| are as in the theorem. Then, R(3) corresponds to the condition that (3) has 0 as a
solution, and there are no rational functions of degree 3 corresponding to (¢) if and only if the
equation (B) has 0 as a unique solution. By using the relation between coefficients and solutions,
we can check that the equation 2+ 32 + 272 + c1z + ¢o = 0 has a solution of multiplicity at least
3, for every point (¢) in the set defined by Ey = E; = 0. Therefore Ey = E; = 0 gives a set of
defining equations of E(3). 1

Theorem 10
If d = 4, the ramification locus of @4 is given by

(b2a2 - bg +4b by — 9b0)a1 - b]d% + (—3610 + blbg + 6byby — Sb%)az
+(b2 = 3by)ag — 4bob3 + b2b2 + 18boby by — 4b° — 272 = 0.

Moreover, for a given (¢) in C® — E(4), b; is a solution of algebraic equation of degree 5, and
other coefficients are determined from b, and (c¢) uniquely.

In particular, ®4(CBy) = C®—E(4), and ®, is S-valent on the set of points in CO—E(4) satisfying
D # 0 and Ey # 0, where D is the discriminant given explicitly in the proof and E is stated in
Remark T2, where the description of the exceptional set E(4) is given.

Proof The Jacobian of the map @ is

8((b2a2 - bg + 4b1b2 - 9b())(11 - bla% + (—361() + b]b% + 6b0b2 - Sb%)az
+(b2 = 3by)ag — 4bob3 + b2b2 + 18bgby by — 4b° — 27D2).

For (¢) in C® — E(4), every (a», ai, ap, ba, by, by) in CDf((c)) is a solution of

By = 1296b? - 1296C4b‘11 + (216¢5¢3 — 432¢; + 432c§)b?
+(—144c4c503 + (24¢2 + 288c4)cy — 216¢s¢) + 1296¢) — 48c3)b?
+(9c§c§ + (=36¢5¢7 + 108¢) + 246565)63 + (—SC4C§ - 48c£21)cz
+(—4c§ + 72c4c5)Cq + (144C§ — 864c4)co)br — 3C4c§c§
+((20g + 12¢4c5)ch + (—6c§ —36¢4)c1)c3 — 80%0% + 48cscic
—72¢7 + (4cs — 48c4ct + 144¢7)co = 0
Boy = —12¢s5b? + (72bg + 4cacs)by + (e — 24cy)bg — 12¢1 + 4cscy — c2e3 =0 4
Boy = —12b3 + 4cyb} + (desby + 4y — csca)by + 24b% — 6¢3bg — 12¢9 = 0
bz = %65
ay = $(8by + ¢ —4cy)
ar = 3(csby +2bg — ¢3)
ap = 1—12(1217% —4cyby + 2¢5bg + c5¢3 — 4ep).

There is a unique common root by of By = By, = 0 if and only if b, is a solution of B; = 0, since
ReSUlbU(B()!], Bo‘z) = —4881.

Therefore, there are five solutions of B; = 0 except for the locus defined by the following discrim-
inant D:

(6C§C4—C§ —27C3C§ +108cyc5—324¢1)%% 12(108606%64—6486(2)61 cs+(—108cycicy —276‘?)63 +32,C()C%+
9c%c§)c?1 + 4(2916c8c§ + ((972c3cz - 1863COC%)C3 - 234coc1c§ + 27C?C2)65 + 81c0c1c§ + (—27c0c% +
816‘%6‘2)6‘% + (—510103 + 29166‘(2)6‘1)6'3 + 8c§ - 2592c(2)c§ + 50226‘0(‘%6‘2 - l62c‘l‘)c£51 + (495720(2)0103 +



72 Communications of JSSAC Vol. 1

108C0C2 + 4284coc o+ 2764)C5 +(— 972c0c3 + (8316¢pcicr + 210663)63 +(— 2412coc2 - 738c
3499200)6‘3 + 86162 92016000102 - 424446063)65 + SIC + 54C16263 + (- 962 + 19440002 -
48606‘06‘2)6%( 13500c0clc2 3888¢3 1€2)C3 + 43200002 + 1320c2c3 +93312¢3 0C2 — 329508c§ 2)c4
4((182250803 + 6615000102 - 849c0c3)c5 + ((61560002 - 2322c0c2)c3 + (- 378coclc2 +450¢° 1C2)C3 —
?a?lOcoc2 920 2 —-31590¢3 5c2—117693¢ 02)c5+(486coclc3+( 162coc2+513c cz)c +(- 324c1c2
157950001)c3+(51c; 27621c0c2+7182coc c—3645¢% )C3+6030€00102+53IC 4359420001)C5+
(- 97260C1C2—8163)C3+(324COC2 918c +2187co)c3+(603clc2 99387000102 5710560C )es —
96c + 50544c% c2 - 6696C0L2L% + 20256‘16‘2 + 69984cg)ci + 2((20250c(3)cz - 24975c3c%)c‘5‘+
(- 433356‘06‘16‘3 + (6345c0c2 6642606 ) — 4926‘4)6'3 - 1062c0c1cg + 317c?c§ - 814050c(3)c1)c§ +
(2916coc3 + (—=6804cocicr — 191763 )c + (1836coc + 1296c + 102060c3)c + (— 369C16‘ +
6804c0c1cz 19224c0c3)63 +54c2+13392c0c2+57672coc 261()c 1C2— 1202850c0)cs+(243c
162616263+(27c 11664c0cz+8262c0c2)c3+(22680€oc1c2+1512c cz)c3+( 6750c0c2+756c
858762COC2 53630103 2)C3—468C1C2+28026OC 6162—246780C()C cr+ 1012505)05—4860 0203
(3240162 - 32805c0c1)c2 + (- 54c2 + 22599coc2 - 134622COC%C2 - 182250‘1‘)c§ + (55242c0c1c§ +
6345c c - 11678586 5€1)C3 —51840002 +54c + 1562976¢3 c2 —7338600 cz + 344250c0c4)c4
4(50625c clc + (303750 + (29700000102 + 3O6Oc0c )ez — 2025coc2 13056‘06‘ + 88c? cz +
45562503)c5 + ((972Oc0cz + 1539c0c2)c3 + (756c0c1c2 + 1386¢3 cz)c3 + (- 972c0c2 - 4500
24300¢3 0C2 — 611556‘(2) )z + 27Clc — 123390¢2 clc + 4698606‘ c — 600C5)C + (729coclc3
(- 243c0c2+810c cz)c3+( 513c1c2+38637c0c1)c +(81c§ 67311C062+567OCOC cr— 4590c4)c3
(- 7182000102 3321c + 798255c0c1)03 + 5022c0c2 + 1071c 2 366930c3c2 +748278c0c -
12825c0c4)c5 + ((- 2916c0c1cz + 243c‘3)c3 + (9726‘002 - 3402c + 5904903)03 + (20790102
1458c0c1cz + 206550003)03 + (- 324c2 + 99387coc2 + 34026‘06‘ + 29700c¢* e+ 2066715C0)C3 -
23004000102 - 66150303 - 5380026 0C1c2 — 1148175c203)C5 + 1312260C263 + (- 58326()6162 +
9720¢3 62)L3 + (486coc2 6156c - 118098¢? 5C2 + 557685c )L3 + (972c1c2 4293’81c0c1c2
24300c0c cz 5062565)C3+233286062+31590606 34+10125¢ c% 5196312¢% cz+3936600c 2)C4—
253125cg 2((]01250C0C2+13500C(2) 2)03—10125c c102+1200coc c— 3205)c5+3(4050€06163
(- 12150c0c2 612000c 02 14404)c3+(4860coclc2 3280 +243000€001)C3 —216coc2+9c
229500c 2 - 17lOOC 1C2 + 3360coc4)65 6(1458c + ( 162¢cocicr — 16263)c + (- 54CQC2
6396 +729OOCO)C3+( 351610‘2‘ 13770606‘16‘2 10908c’()c3)cg+(54c2 380706‘06‘2+6408€0C
20400 12+ 820125¢* 0)C3 + 7074000102 566c + 765450c0c1cz 1215c2 3)c - 27(27c
18c1c2c3 + (3c2 - 1944c 0C2 + 1512c0c2)c + ( 612c0c1c2 228¢3 cz)cg + (180c0c2 - 344c c -
8262Oc002+ 15876c(2) 2)C3+(2766‘16‘2+397266‘001€2+9060C0C o+ 10006‘5)03—486‘2+ 12204c0c2
17436c0c + 1850c 2 —583200c¢ 6‘2—2818806‘8 2)c + 162(18c C2C3 +(— 12clc2 —729coc|)c3
(262 4OSCOCZ+954CQC Cz+75(,’4)C3+( 39OCQC162 5356 32076(3861)6%-{-(72606;+306C%C§—
14418c3c2 + 19710c c? C2 + 4500coc )esz — 48c1c2 + 10764c clc - IOOSOCOC + 1250¢3 o
262440cgc1)cS - 81(1080?02 - 72c% c4 + (120102 - 29l6c0c1cz + 5400c0c3)c3 + (108c0c2 -
2520coc — 1500¢% €2 — 19683c0)c3 + (432coclc2 + 9OOC 102060006‘16‘2 + 60750c fos )C3 -

144c + 3456c0c2 + 297()chczc§ 22500000‘1‘02 + 31250? - 629856c(5)) =0. 1

Remark 11

If d = 5, then we can see that b, is a solution of an algebraic equation of degree 14 for every (c) in
- E(5).

Remark 12

The locus R(4) is given by r = 0, where

r= b(z)a% + (=bob1a; + (—2byby + b%)ao)a% + (bobza% + (=b1by + 3bg)apa;
+(b§ - 2b1)a(2))a2 - hoa? + blaoa% - b2a%a1 + ag.

)
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Eliminating six variables in (a, b) from the equation (8) by using (&), we have the following equa-
tion
348285173761 + 5038848E4r* + 186624 E3r} — 864E,r? )
+16E,Egr — Ej =0,

where each E; (j = 0,1,2,3,4) is a polynomial in C[cy, - - -, ¢5]. And, there are no rational func-
tions of degree 4 corresponding to (c) if and only if the equation (B) has 0 as a unique solution.

On the other hand, by using the relation between coefficients and solutions, we can check that
the equation 452 +cat + 37 + 2% + 12+ ¢o = 0 has a solution of multiplicity at least 4, for
every point (c) in the set defined by E4 = E3 = E; = Ey = 0. Therefore E4 = E3 = E; = Eg =0
gives a set of defining equations of E(4).

Finally, Ej is given by
3125c4c6 + (- 2500000104 + (=3750¢3 0C2 + 2000(:(2) ez + 2250c3 0102 - 1600000 c + 256c?)c§ +
((20000002 SOC(Z) 2)c4+(225000c3+( 205000616‘2+16OC0C )C3—900c0c2+1020c0c —192c‘1‘cz—
225006‘4)6‘4 900coclc +(82SC c; +560coc 02—12804)c +(— 630coclcz+144c +2250€0C1)C3+
1086062 27C + 15006062 - 17OOC cz + 3206‘0C4)C + ((— 16OOC0C3 + 160606162 - 360003)04
(1020606163 + (56OCOC2 746c0c o+ 144c s + 24c0c1c2 6c + 15600c0c1)c4 +((- 6300002 +
24cocz)c3 +(356c()0102 80¢3 cz)c3+( 720002+ 18c + 198000 cz— 123306‘36‘%)6‘3— 130400(2)clc§+
9768cqc; 02—160005)C4+108c0c3+( 72c0clcz+16c3)c3+(16cocz—4c 1350c0)c3+(1980c§c1cz—
2080003)0 +(— 1206 682coc + 160¢? 1C2+ 2700000)03 + 144c0c1c2 360 - 1800c(3]c1cz +
4106(2) )c + (2566‘064 + (- 192C06163 - 1286062 144COC c) — 2764)64 + ((1440002 - 6C0C2)C%
(- 80c0c1c2 +18¢3 C2)C3 + 16c0c2 4c2c3 - 10560c0cz + 248cO )c4 + (- 27COC3 + (18c0c1c2 -
4c3)c3 + (- 4coc2 + 2 02 - 9720¢3 )cg + (101526‘06‘16‘2 - 682c0c Ye3 + 4816¢2 c2 - 5428000 +
1020¢* cz + 43200c0)c4 + (3942c0c1c3 + ( 4536coc2 2412c0c c + 56004)c3 + (3272000102
746c 313206‘%6‘1)6'3 - 57600c + 144c 2 64800 c + 8748020 1C2— 1700coc )e4 + 162000203 +
(- 108c0c102+24c C2)C3+(24COC2 6c 2754OC cz+15417c(2) 2)c3+(16632coclc2—12330c’0c o+
2000¢3 1es — 192C062 + 24SCOC SOC 2 32400C0C2 + 5400(3) )c5 + ((69126063 - 64OCOC1C2 +
l44coc3)c4+( 4464c0clcg+( 2496c +3272¢’oc cr— 63004)03 96coclcz+24c 21888c0c1)c4
((2808c0cz 1080062)cg+( 1584c0c1c2+356c cz)c3+(320c0c2 80626‘% 3456c0cz+16632c )C3+
15264¢2 clc - 13040coc o+ 2250c5)c4 +(— 4866‘26‘5 +(324cpcicr —7263)c +(— 72coc2 + 18c 2¢2 +
21384co)c +(— 22896coc|cz + 1980coc3)c3 +( 5760c0c2 + 10152coc —2050¢? 12 —77760¢* )C3 -
6406061€2+1606 +31968€06162 1800(36 )C4— 63186061C3+(58326062+3942COC Ccr— 90064)63
(—4464c0c1cg + 1020c?c§ + 15552(’(3)(1)(3 + (768c0c2 - 192c + 46656c - 31320c0c c +
2250000‘1‘)C3 - 21888c3clcg + 15600c0c —2500¢3 ¢ + 388800001)05 - 10240004 + (768c0c1c; +
512c c - 576coc c + 10804)c + ((— 576C0C2 + 24coc2)c3 + (320c0c102 723 02)03 64coc +
16c + 9216cOC2 - 192cg 2)c4 + (IOSCOC3 +(=72cocy 02 + 16c3)c3 + (16c0c2 4c 8640c8)c§ +
(- 5760606162 - 1206003)C3 - 4352c0c2 + 4816coc —900c¢* €2 — 138246‘3)C4 + (5832C3C1€g +
(82080 e —4536c0c o+ 82564)6 +(— 2496coc1c + 5606‘?6‘% +46656c(3)cl)03 + 5120003 - 1286%0‘21 -
17280c0c2 6480620262 + 1500c0c4)ci + ((—486chcz + 162c0c%)c‘31 + (2808c0c1c§ - 6306?02)6‘% +
(- 576c0c + 144c + 3888¢3 cz 2754Oc2c2)c + (—3456¢2 clc + 19800000 ¢y — 3750¢° ez +
9216cé 1056Oc0c% +2000c +62208c002 324000302)C4+7296‘06‘3+( 4860001cz+108c3)c3
(108C0C2—27C 874860)cg+(21384c0c1cz—1350c0c3)c3+( 8640coc2 9720coc +2250€ cz+
3499264)6‘ + (6912606‘16‘ - 16OOC - 77760C0C1C2 + 27000C )C3 - 1024C0€2 + 256c -
1382400c2 + 4320062 2 2 22500c0c‘1‘62 + 3125c? - 46656c(5).
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